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ABSTRACT We analyzed several energy func-
tions for predicting the native state of proteins from
an energy minimization procedure. We derived the
parameters of a given energy function by imposing
the basic requirement that the energy of the native
conformation of a protein is lower than that of any
conformation chosen from a set of decoys. Our work
is motivated by a recent result which proved that
the simple pairwise contact approximation of the
energy is insufficient to satisfy simultaneously such
a basic requirement for all the proteins in a data-
base. Here, we investigate the reasons of such nega-
tive results and show how to improve the predictive
power of methods based on energy minimization.
We generated decoys by gapless threading, and we
derive energy parameters by perceptron learning.
We first considered hydrophobic contributions to
the energy, defined in several ways, and showed
that the additional hydrophobic terms enlarge
slightly the number of proteins that can be stabi-
lized together. Next, we performed various modifica-
tions of the pairwise energy term. We introduced (1)
a distinction between inter-residue contacts on the
surface and in the core of a protein and (2) a simple
distance-dependent pairwise interaction in which a
two-tier definition of contact replaces the original
(single-tier) one. Our results suggest that a detailed
treatment of the pairwise potential is likely to be
more relevant than the consideration of other forces.
Proteins 2000;40:237–248. © 2000 Wiley-Liss, Inc.
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INTRODUCTION

Proteins play a central role in nearly all biological
processes at the cellular level; they are responsible for
catalyzing and regulating biochemical reactions, transport-
ing material and information, and form the basic struc-
tures such as skin, hair, and tendon.1 The biologic function
of a protein is determined by its chemical composition of
the molecule and by its spatial structure.2 A protein is a
linear chain of covalently bound amino acids, whose length
ranges from tens to thousands of these basic monomers.
The number of proteins whose sequences have been deter-
mined is about 200,000.3

Most proteins are believed to fold, under physiologic
conditions, into a unique compact structure that is deter-
mined by its amino acid sequence.4 Although the determi-

nation of the three-dimensional structure from the se-
quence has been one of the central problems in molecular
biology for several decades, it has met, so far, with limited
success.5

One of the most widely used methods aimed at solving
the protein folding problem and making reliable structure
predictions is that of energy minimization. Assuming that
the molecule is at thermal equilibrium when in its native
state, one actually has to minimize a free energy.4,6–8

Clearly, to find the correct structure by energy minimiza-
tion, it is a matter of paramount importance to determine
the correct energetics. The use of rigorous or empirical
calculations to determine the forces acting between amino
acids in a vacuum or in solution encounters formidable
computation difficulties.9,10 Furthermore, it can be real-
ized only within the framework of an atomistic description
of amino acids, which, despite recent progresses,11,12 is
still not practically feasible for folding simulations.

An alternative to the atomistic description is to intro-
duce simplified or reduced representations of a protein’s
structure.13–16 In these studies, amino acids are usually
represented by one or more interacting units which may
also have some internal degrees of freedom. Usage of such
simplified representations of proteins raises, however, a
very serious problem, namely how to determine the proper
(free) energy function. The question is: What kinds of
“interactions” between these simplified coarse-grained
units could make native structures correspond to energy
minima?

Several groups have contributed to the effort of giving
an answer to such questions, by using different kinds of
reduced representations,17–24 but no satisfactory solution
has been found yet. In previous work, we have used contact
maps as the representation of a protein’s structure.6,8,25,26

The natural guess for an energy function is based on
pairwise interactions between a pair of amino acids that
are in contact. Such an energy function is made specific by
choosing a definition of contact and by a set of contact
energy parameters. Once the energy function is specified,
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one tries to find the map whose energy is the lowest among
an ensemble of alternative structures, called decoys.

The possible approaches to the problem differ at this
juncture by the manner in which the decoys are generated.
One possibility is to execute a search in the entire space of
physical contact maps, looking for the maps of lowest
energy.27 Because it is difficult to identify physical maps,
an alternative is to construct decoys by threading the given
sequence through the known structures of some longer
proteins.28–31 With either approach, a relevant question to
ask is whether it is possible at all to find a set of contact
energy parameters for which the native map of one protein
(or more) is that of lowest energy.

The answer to this question depends on the decoys
against which the native map is tested. For decoys ob-
tained by gapless threading, the answer is positive for a
single protein. On the other hand, when one generates
decoys in a more painstaking and computationally expen-
sive way, the answer is negative. It has been proved that
the simple pairwise contact energy function is not capable
of assigning the lowest energy to the experimentally
determined structure, when tested against a sufficiently
large set of carefully selected decoys.25,31 The only struc-
tural information that was used about the decoys is their
contact map. By “carefully selected” decoys we mean, first
and foremost, that their contact maps correspond to real
chain configurations, i.e., the distances between consecu-
tive units are within a narrow window, the chain does not
self-intersect (i.e., the distance between two nonconsecu-
tive units exceeds a threshold), etc. Throughout the pro-
tein literature, decoys produced by threading are consid-
ered to be physical, because the conformation of the Ca

atoms of the sequence that is being tested coincides with
the conformation of the backbone of a real polypeptide
chain, taken from the data bank of known structures. This
backbone-based definition of a physical decoy was adopted
in25 and in 32; only decoys whose Ca atoms constitute a
physically realizable backbone were admitted, and the
corresponding contact map was referred to as a “physical
map.” To prove that it is not possible to stabilize the native
map of a single protein within the contact approximation,
a large number of decoy maps had to be generated,25 which
were all physical and of low (contact) energy.

It should be noted that there may be a problem with
this generally accepted definition of “physical” struc-
tures. One can easily imagine a situation in which
threading the backbone of sequence A into the experimen-
tally determined backbone of sequence B produces a
conformation that cannot be realized. This can happen
when we thread the Ca atom of a large residue of A (say
Tyrosine) into a position that was occupied by the Ca of a
small residue (say Glycine) of B. In this case, even
though the backbone conformation is physical, an at-
tempt to replace the side chains of B by those of A may
violate steric constraints associated with the side chains.
Decoys obtained by threading, as well as by the method
that was used to generate physical maps,25 suffer from
this problem.

The proof mentioned above established that within the
widely accepted, backbone-based definition of physical
structures one cannot stabilize the native map by any
choice of the contact energies. In principle, one cannot rule
out the possibility that if the decoy maps are modified to
satisfy also the steric constraints associated with the side
chains, stabilization of the native map will become pos-
sible. We are planning to show that this is not the case and
believe that, even when all steric constraints are satisfied,
the native map cannot be stabilized by a pairwise contact
energy; such an energy function is too simple to stabilize
proteins.

Many forces have been studied and suggested to be of
central importance for the formation of a stable structure,
such as the long-range electrostatic interactions, hydrogen
bonding, van der Waals interactions, and hydrophobicity.2

Even though we are trying to construct a phenomenologic
free energy function, some reflection of all these may be
needed to be taken account to obtain minimal energy maps
that approximate better the native one.

Our long-term aim is to test systematically which of
these terms is more important to stabilize native maps as
those of minimal energy. To do this, we add one by one
various terms, described in the next section, to the energy
function and study the improvement induced by each. The
manner in which we measure the improvement induced
follows a methodology introduced in an earlier publica-
tion26 and will be explained in the Learning Energy
Parameters by Perception section. The basic idea is to
require that the (known) native maps of a set of proteins
have lower energy than all the respective decoy maps one
produces. This basic requirement takes the form of a large
set of inequalities that need to be satisfied.26,33,34 For
better energy functions and associated parameters one
expects to be able to stabilize more proteins against larger
sets of decoys.

The first extra terms that are added to the energy
function in this study represent hydrophobicity. Many
studies have reported the central role of hydrophobic
effects in protein folding.2,20,34–36 The general rule is that
hydrophobic residues tend to be closely packed in the
interior of proteins, whereas hydrophilic ones are mostly
exposed to the solvent. However, the exact functional form
of the hydrophobic interactions is still unknown and under
debate.37,38 We have proposed several ways of introducing
hydrophobicity, and present, in the Effects of Hydrophobic
Energy section, their effect on the size of the set that can be
stabilized.

Next, we turned to investigate the effect of improving
and generalizing the pairwise contact energy function.
First, the original pairwise term gives the same value of
energy regardless of whether the interaction occurs inside
the core of the globular proteins or on their surface. We
considered the difference by dividing the pairwise term
into two classes; occurring inside and on the surface. This
consideration reflects the fact that when a pair of amino
acids resides on the protein’s surface it is surrounded by
water molecules, whose presence affects the residue-
residue interaction.
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Another obvious modification that we studied is to allow
the energy to depend on the distance between the two
residues. This is done by differentiating the definition of
contact, replacing the all-or-none nature of the widely-
used definition by a two-tiered one. These energy terms
are introduced in the next section. The results for the
modified pairwise energy function are presented in the
Modifications of Pairwise Energy Function section. Fi-
nally, we briefly summarize our results in the Discussion
section.

REPRESENTATION OF STRUCTURE AND
ENERGY FUNCTION

The contact map of a protein with N amino acids is an
N 3 N matrix S, whose elements are defined as

Sij5H 1 if residues i and j are in contact,
0 otherwise. (1)

The contact between two residues can be defined in
different ways. In particular, we will consider the “Ca”
definition, in which two amino acids are considered in
contact when their Ca atoms are closer than some thresh-
old distance Rc. Denoting the positions of the Ca atoms of
residues i and j by ri and rj, the definition (1) becomes

Sij5H 1 if uri2rju,Rc

0 otherwise. (2)

The effect of varying Rc has been investigated previ-
ously.31,33,39 This definition of contact can be modified in
various ways. For example, one may use a different Rc for
every pair of amino acids, or use for an interacting pair of
residues a, b a value Rc(a, b) 5 Rc(a) 1 Rc(b). Work on
these generalizations is under way and will be published
elsewhere (Park K, Park C-W, Domany E, unpublished
results).

The generalization we studied here is described below;
first, we define the contact energy of a conformation. Denote
the amino acids sequence of a protein of length N by

A5~a1, a2, . . . , aN!.

The simplest, most widely used pairwise contact energy
is given by

Epair~A, S, v!5O
i,j

N

vaiajSij, (3)

where the 210 parameters, vaiaj
, which constitute a 20 3

20 symmetric matrix, represent the contact energy be-
tween amino acids of type ai and aj. It should be stressed
that according to our philosophy, Equation (3) is a lowest
order approximation to a phenomenologic free energy for
sequence A having contact map S. A less coarse-grained
representation of the structure is in terms of a two-tiered
contact map: S(m) with m 5 1, 2:

Sij
~1!5H 1 if uri2rju,R2

0 otherwise. (4)

Sij
~2!5H 1 if R2,uri2rju,R1

0 otherwise. (5)

The pairwise (free) energy function associated with this
representation is

E~A, S, v!5O
i,j

N

~Sij
~1!vaiaj

~1! 1Sij
~2!vaiaj

~2! !. (6)

This form of the energy can be viewed as an approximation
to a distance-dependent continuous function. With this
form, one uses 420 contact energy parameters. Clearly, the
energy function (3) is a particular case of (6). We have
drawn schematically a two-tiered pairwise potential V as a
function of the distance r in Figure 1a.

Fig. 1. a: Two-tiered pairwise potential V as a function of distance r. b:
Schematic illustration of vcore and vsurf for a specific pair of amino acids A
and B.
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An entirely different modification of the contact energy,
which also uses 420 parameters, takes into account the
environment in which the pair of amino acids resides. In
particular, it allows the same pair to interact differently if
it is inside the core of the protein and if it is on the surface.
In the latter case, the pair of residues is surrounded
mainly by water molecules, whose presence may affect the
interaction. The resulting energy function is

vaiaj5H vaiaj
core if amino acids ai and aj lie in the core,

vaiaj
surf otherwise, (7)

as is illustrated in Figure 1b. To implement this idea one
has to decide, on the basis of the contact map, whether the
pair (ai, aj) is on the surface or buried in the core. This
position is decided on the basis of the number of contacts
these amino acids have, as explained in detail in the
Modifications of Pairwise Energy Function section.

One can use either of these three pairwise energy
functions. In addition, as also discussed by other au-
thors,36,34,20 hydrophobicity terms were introduced as
well. Whereas the pairwise contact terms depend on the
identity of a pair of amino acids, the hydrophobic energy
depends on the identity of each single amino acid. It has
the form

Ehydro~A, S, b!5O
i

N

baiF O
k51

N

Sik2naiG2

. (8)

The parameters bai
and nai

depend on the identity of the
ith amino acid. Clearly, ¥k Sik is the number of contacts
which the ith amino acid has on a given contact map. The
contribution of any amino acid u to Ehydro is to be minimal
when the number of its contact is equal to the optimal
value nu. Hydrophobic amino acids are expected to have
relatively larger values of nu than hydrophilic ones. It is
also important to note here that the parameter bai

should
be positive.

LEARNING ENERGY PARAMETERS BY
PERCEPTRON

We want to determine energy parameters that satisfy
the basic requirement presented in the Introduction sec-
tion. That is, we express the energy as a linear function of
various parameters and require that each one of a set of
native maps has lower energy than all its corresponding
decoys. This set of requirements reduces to a set of
inequalities, and we try to find solutions for these by the
perceptron learning rule. Even though this method was
reviewed elsewhere,31 we repeat it here because the
hydrophobic term introduces a subtlety that was not dealt
with before.

For concreteness, we describe the method for a combina-
tion of the simple pair energy of Equation (3) and the
hydrophobic term Equation (8). Generalization to the
other energy functions discussed above is straightforward.

Generating Linear Inequalities

First, we express the energy for any map Sm as a linear
function of the energy parameters, written as

E5Epair~A, Sm, v!1Ehydro~A, Sm, b!

5 O
c51

210

vcNc~Sm!1 O
d51

20

bdMd~Sm!, (9)

where Nc(S
m) is the total number of contacts of type c and

Md~Sm![O
i51

N FO
jÞi

Sik
m 2ndG2

d~ai, d!. (10)

Here the matrix vij has been rewritten as the correspond-
ing 210-component vector vc, and d(ai, d) takes the value 1
if ai 5 d and 0 otherwise. Note that the energy of a map is
a linear function of the parameters v and b.

Suppose that we choose one protein with a known native
map S0 and generate a large set of decoys for it. In this
work, as in Ref. 31, decoys were generated by gapless
threading (see below).

The energy difference between S0 and one particular
decoy Sm can be written in the form

DEm5 O
c51

210

vcxc
m1 O

c51

20

bcyc
m

[vzxm1bzym

[uzzm, (11)

where we have used the notation

xc
m[Nc~Sm!2Nc~S0!,

yc
m[Mc~Sm!2Mc~S0!,

and introduced the following 230-component vectors

z5~x1, x2, . . . , x210, y1, y2, . . . , y20!,

u5~v1, v2, . . . , v210, b1, b2, . . . , b20!.

Note that the basic requirement, of all native maps having
a lower energy than their respective decoys m, takes the
form

hm[uzzm.0. (12)

This linear inequality should be satisfied for all the
decoy-native fold combinations used. The vector u contains
the parameters of the energy function that are to be found,
and the (known) vector zm is determined by the native and
decoy contact maps.

Perceptron Learning

Perceptron learning is a simple method to look for a
solution u of these m 5 1, 2, . . . , P inequalities.40,41 The
vectors zm are referred to as “patterns” in the perceptron
literature. The vector of energy parameters u is learned in
the course of a training session. The P patterns are
presented cyclically; after presentation of the mth pattern,
the weights u are updated according to the following rule:
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u95H ~u1hzm!/uu1hzmu if uzzm,0,
0 otherwise. (13)

Different choices are possible for the parameter h. We use
the learning rule introduced in Ref. 42, in which the
parameter h is updated as

h5
2hm11/d
12hm/d , (14)

together with the despair parameter d, which evolves as

dnew5
d1h

Î112hhm1h2 , (15)

where both the vectors u and zm are normalized (see below
for details on normalization).

The training session terminates with two possible out-
comes: if the set of inequalities has a solution, the algo-
rithm finds one in a finite number of steps; if there is no
solution, unlearnability is detected. Denote the magnitude
of the vector zm by

Zm5 O
c51

230

~zc
m!2

5 O
c51

210

~xc
m!21 O

c51

20

~yc
m!2

[Xm1Ym.

It was shown in Nabutovsky and Domany42 that the
problem is unlearnable, if the despair parameter d exceeds
a critical threshold

dc5ÎM~2Zmax!M/2,

where M is the number of components of u and Zmax is the
maximal value of Zm.

It is trivial to see that if u* 5 (v*, b*) is a solution for the
training set (xm, ym), then u*

l 5 (v*, lb*) is a solution for
the training patterns (xm, ym/l). The outcome of the
learning process does not depend on the choice of l,
whereas the learning time does depend strongly on l. We
have checked the dependence of learning time on l, and
found that the most effective value of l is such that makes
Xm and Ym be the same order. We have then divided both xm

and ym by the average values of Xm and Ym, respectively,

xres
m 5

1

ÎXave
m

xm,

yres
m 5

1

ÎYave
m

ym,

for each example, and take the normalized zm as

znorm
m 5~Î21/23 xres

m , Î2/23 yres
m !/S21

23 Uxres
m U21

2
23 Uyres

m U2D1/2

.

In addition, we introduce the fictitious examples z̃n, (n 5 1,
2, . . . , 20), which are vectors of zeros except at one
component: z̃i

n 5 di,n. Then the added conditions

hn5uzz̃n.0 (16)

guarantee that bn takes a positive value.
Although perceptron learning is suitable for the present

purpose, it is not the only way to prove unlearnability.
Other techniques, such as linear programming43,44 and in
particular the simplex method,45 are in principle available
to solve this problem (see also the method used by Settanni
and coworkers34).

Generating Decoys from Threading Databases

The decoys were generated by means of gapless thread-
ing, which is done straightforwardly by using the contact
map representation as follows. First, a database of pro-
teins of known structure is compiled. Once the contact
maps of the proteins in the database are obtained, we
generate decoys for a given sequence of length N from the
structures of all proteins of length N9(.N), by selecting
submaps of size N 3 N along the main diagonal of the
contact map of the longer proteins. Thus, the total number
of decoys P generated by means of gapless threading is set
by the number Mp of proteins in the database and by their
lengths Ni, (i 5 1, 2, . . . , Mp), given by

P5 O
Nj$Ni

~Nj2Ni11!.

Clearly, the more proteins we have in our database, we
will have more conditions to satisfy and the learning
problem becomes more difficult.

In this work, we used the datasets of Ref. 31, which we
review here briefly. We start with a list of 312 proteins
obtained by WHATCHECK.46 From these, we select SET154

by eliminating proteins that have any of following proper-
ties: 1) The Ca distance between consecutive residues lies
outside the interval of four standard deviations s from the
mean d (d 5 3.81, s 5 0.05). 2) Any residue that does not
match the 20 standard amino acid types. When the first or
the last residue is undefined, we remove the residue, not
the protein. 3) Any chain for which the Ca or the backbone
N atoms’ coordinates are not present. 4) Any unexplained
mismatch between the sequence of amino acids presented
in SEQRES and the actual sequence appearing in the
coordinates section.

EFFECTS OF HYDROPHOBIC ENERGY

We turn now to describe our results when the hydropho-
bic term is added to the simple pairwise contact energy
function, e.g., to Equation (3). The parameters nai

that
enter in Equation (10) were derived from a statistical
analysis of the known set of native maps, for every value of
Rc. For each amino acid type, we calculated the frequency
of the number of contacts in a set of native structures.
Some of these histograms are presented in Figure 2. The
mean values and standard deviations for the number of
contacts of different amino acids, as obtained from the Ca

definition with Rc 5 8 Å, are presented in Table I. Note
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that a similar analysis, performed in Ref. 8, was based on
an all-atom definition of contact (see below).

As expected, because hydrophobic residues tend to be
closely packed in the interior of globular proteins, whereas
hydrophilic ones are mostly exposed to the exterior, the
average number of contacts is higher for the hydrophobic
residues. To test quantitatively this statement, we calcu-
lated the Pearson correlation coefficients between the
mean value of contacts for each amino acid and the
hydrophobic indices used by other authors, which is pre-
sented in Table II.

The mean value of the number of contacts shows a
reasonable correlation with any of the other, previously
used hydrophobicity indices, and we turned to determine
the energy parameters vu,v and bu by learning training
sets of increasing number of proteins, Mp and varying Rc

as well. For the pairwise contact energy only (i.e., without
the hydrophobic term) the dependence of learnability on
Mp and Rc has been studied in Ref. 31. The main result of

that study is that there exists a finite region in the (Rc, Mp)
plane in which the problem is learnable. Our purpose in
this work is to investigate how the size of this region is
affected by addition of the hydrophobic energy term. We
present in Figure 3 both “phase boundaries,” obtained with
and without the hydrophobic term. We denote by dia-
monds learnable cases and by crosses the unlearnable
cases. SET154 is found unlearnable at Rc 5 11, 12, and 13
Å. A subset SET141, obtained by removing the 13 worst
proteins, which are responsible for the majority of
mismatches, is learnable in the region 11 # Rc # 13 Å,
where we have put diamonds. Next, we selected a subset
SET123 in the same way, and have found that it is
learnable in the region 8 # Rc # 16 Å. Finally, we
have drawn a solid line, connecting the mid-points
between crosses and diamonds, which represents the
border of the region of learnability. The previous re-
sult31 without the hydrophobic term, is given, for com-
parison, by the dashed line.

Fig. 2. Number density distributions of the number of contacts for amino acids (a) GLN, (b) ASN, (c) SER,
(d) ALA, (e) GLY, and (f) MET. Data are obtained from the whole PDB files of 154 proteins. Solid and dashed
lines represent the cases Rc 5 8 Å and 9 Å, respectively.

TABLE I. Means and Standard Deviations of the Number of Contacts of Amino Acids

Amino Acid ALA GLU GLN ASP ASN LEU GLY LYS SER VAL
Mean 8.1 6.4 7.1 6.4 7.0 8.5 7.3 6.7 7.2 8.8
SD 2.9 2.3 2.4 2.5 2.6 2.4 3.3 2.3 3.0 2.6

Amino Acid ARG THR PRO ILE MET PHE TYR CYS TRP HIS
Mean 7.2 7.6 6.8 8.8 8.2 8.4 8.4 9.6 8.2 7.5
SD 2.4 2.8 2.9 2.5 2.5 2.4 2.7 2.7 2.6 2.6
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It is evident that the inclusion of the hydrophobic energy
enlarges the learnable region only marginally. This indi-
cates that the hydrophobic energy of the form of Equation
(8) does not improve significantly the quality of the phenom-
enologic free energy we try to derive. In the remainder of
this section, we present our attempts to understand this
result.

One possible reason could be that our form of the
hydrophobic part of the free energy is too restrictive. Note
in particular that we added 20 conditions (see Eq. 16) to
ensure positivity of the parameters bu . 0 for all amino
acids. The basis for this requirement is clear—we assumed
that each amino acid prefers a certain number of contacts
and the “energy” takes its minimal value when this
number is attained by the map. This assumption was
reflected in the original work that introduced this hydro-
phobic energy8 by approximating the the frequency distri-
butions f m(n) for having n contacts, by Gaussians with
different centers and widths for different amino acid
types, e.g.,

f m~n!} expF2
~n2nm!2

2sm
2 G , (17)

which naturally led to bu 5 1/(2su
2).

We looked carefully at the distributions of contacts as
obtained from known native structures taken from the
PDB and, to our surprise, found that for certain amino
acids the distribution is bimodal, as can be seen in Figure
2d, e, and f. One might think that this is an artifact of the
Ca definition of contact, which lacks information on side
chains. However, when we adopted the “All-Atom” (AA)
definition of contact (in which two amino acids are consid-
ered in contact when any two heavy atoms (excluding
hydrogens) that belong to the two residues are at a
distance lower than Rc), we still found bimodality, al-
though it is not as pronounced as in the case of the Ca

definition.
For amino acids having a bimodal distribution, the most

probable values for the number of contacts is not the
average number; there is, therefore, no reason to expect
that in these cases the “hydrophobic energy” is minimal
when the number of contacts is equal to the average value.
Keeping the form of Equation (8), we can accommodate the
fact that energy increases as the number of contacts
approaches the mean value by having a negative value of
b. Having a negative bi in Equation (8) appears, at the first
sight a dangerous predicament, since a configuration may
gain energy by increasing the contacts of amino acid i
beyond reason. However, we are protected from such an
instability by the fact that all our maps are taken from
segments of real, physical chains; hence, no configurations
with an unruly large number of contacts will ever enter
our calculations of the energy. Hence, we treated the effect
of removing the positivity constraint from the bi.

Our results indicated that the sign of the parameters b
is not crucial. We found that the phase boundary, obtained
by using the same process as before, did not change much
by omitting the extra conditions Equation (16). The main
change was that by allowing negative values of b the
SET141 became learnable for Rc 5 8 and 9 Å.

At this point, we considered another possibility, namely
that our entire notion of approximating the contact free
energy as a sum of two terms in Equation (9) is at fault.
Our calculations of the parameters of the hydrophobic
contribution to the energy are based on a statistical
analysis of known structures. In turn, the analysis is based
on the assumption that the probability P of a microscopic

TABLE II. Pearson Correlation Coefficients Among Several Hydrophobic Indicesa

CS KD OMH SE Eng MD Ca
† Ca

‡ AA

CS 0.74 0.74 0.73 20.74 0.77 0.93 0.95 0.81
KD 0.75 0.88 20.85 0.50 0.83 0.82 0.54
OMH 0.72 20.68 0.83 0.79 0.80 0.85
SE 20.93 0.51 0.71 0.72 0.54
Eng 20.45 20.73 20.74 20.49
MD 0.70 0.73 0.99
Ca

† 0.99 0.76
Ca

‡ 0.79
aOur indices are obtained from the Ca definition with Rc 5 8 Å (Ca

†), Rc 5 9 Å (Ca
‡), and the All-Atom definition with Rc 5 5

Å (AA). Details of others are as follows: CS,47 KD,48 OMH and SE,49 Eng,50 and MD.8 Note that the index Eng is
anticorrelated with others, reflecting hydrophilicity.

Fig. 3. Region of learnability on the plane of the number of proteins
and the value of Rc with the hydrophobic energy function given in
Equation (8). The previous result with the simple pairwise energy function
is given by the dashed line.
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conformation follows the Boltzmann distribution. In the
contact map representation, this fact is expressed as

P~S, A!} exp@2Heff~S, A!# (18)

where the dependence on the temperature T is absorbed in
the parameters of the phenomenologic free energy or
effective Hamiltonian Heff(S, A). The exact form of the
Hamiltonian Heff is unknown and we have approximated it
as E in Equation (9). The problem arises from the fact that
Epair is also dependent on the variable n. As a consequence,
Equation (17) may be inadequate, because the hydropho-
bic effects may be double counted in this approach (or
already included, to a large extent, in the pairwise terms).
If so, even if there exists a hydrophobic energy term of the
form of Equation (8), one should not determine the param-
eters nai

using simple statistics on PDB-based contact
maps. Rather, one should relax also the restriction of
externally fixed nai

and to rewrite the hydrophobic energy
function in Equation (8) as follows:

Ehydro5O
i51

N

bai@Ni
222naiNai1nai

2 #

5O
i51

N

@g1~ai!Ni
21g2~ai!Ni1g3~ai!#, (19)

where Ni [ ¥j Sij. By this step we relaxed restrictions on
the hydrophobic energy and also added 20 more parame-
ters to the energy function, making solution of the inequali-
ties Equation (12) easier. We note that since we are
dealing with differences in free energies between the
native state and alternative conformations, the parame-
ters g3, which do not depend on the conformation, do not
appear in the basic requirement. The new form of Ehydro

Ehydro5O
i51

N

@g1~ai!Ni
21g2~ai!Ni#, (20)

does not necessarily have a minimum when Ni 5 nai
;

therefore, we have freed the parameters nai
from their

original meaning of being the average number of contacts
of a residue of species ai.

However, after carrying out the calculations, also in this
case we found that replacing the bi by the two independent
20-component vectors g1 and g2 does not change signifi-
cantly the region of learnability!

The bottom line of these attempts is that a phenomeno-
logic free energy term of the form (8) does not represent in
a useful way the hydrophobic part of the free energy.
Nevertheless, it is interesting to compare the obtained
parameters (bi, ni) and (g1(i), g2(i)). Without imposing any
conditions on g1 and g2, it is found that some of the g1 are
negative and some of the g2 are positive. The correspond-
ing amino acid types are strongly related to those with
bimodal distributions of the numbers of their contacts,
even though not exactly coincide. We checked the correla-
tions between (bi, ni) obtained without sign restriction (but

with fixed values of Ni) and (g1(i), g2(i)). We found that the
parameters g1(i) and bi are highly correlated with each
other, whereas g2(i) and ni are not. The correlation coeffi-
cient between g1(i) and bi is 0.85 for (Rc, Mp) 5 (8 Å, 123)
and 0.69 for (11 Å, 141), whereas that between g2(i) and
22nibi is 0.059 and 0.36 for (8 Å, 123) and (11 Å, 141),
respectively.

MODIFICATIONS OF PAIRWISE ENERGY
FUNCTION

We repeated the same procedure used for the hydropho-
bic energy to study the effect of introducing modified pair-
wise energy parameters, as given in Equations (6) and (7).

Differentiating Between Interactions in the Core
Versus Surface

First, we used the modified contact energy given above,
in Equation (7). The physical motivation for introducing
this modification is obvious, i.e., the interaction between
two residues is different when they are buried inside the
protein’s core and when the pair is on the macromolecule’s
surface. In the latter case, the two interacting amino acids
are in contact also with water molecules, whose presence
may modify the contact energy. Clearly, once we have a
contact map we can determine whether any particular
residue i is in the core or on the surface, just by counting
the total number of contacts it has, ni 5 ¥k Sik. Allowing
the value of the energy to depend on this number amounts
to taking into account terms beyond the simple pairwise
contact approximation.

We have assumed that the amino acids lying on the
surface have relatively smaller number of contacts than
those in the core and regarded the contact between amino
acids i and j as “in the core” if ¥k (Sik 1 Sjk) is larger than
a certain critical threshold Nth. We counted for many
native structures the number of contacts on the molecule’s
surface and in its core and verified that indeed the average
number of contacts that a surface residue has is smaller
than that of a residue from the core.

We first thought that the precise value used for Nth may
be of importance, but upon further investigation found
that learnability, which is the main concern of this work, is
affected very weakly by varying Nth, unless it is chosen to
be too excessive. Thus, we have adopted a choice for which
the total number of native contacts on the surface is about
equal to the total number of native contacts in the core,
because it gives rise to the fastest learning time. Detailed
values of those Nth’s as a function of Rc, are given in Table
III for each set of proteins.

Hence, the energy function for map S and sequence A
takes the form

TABLE III. Optimal Values of the Threshold Nth for Each
Set of Proteins

Rc (Å) 6 6.5 7 10 12 13 15 17 18 19 20 22
SET123 3 5 6 84 100
SET141 3 5 6 60 67 75 83
SET154 15 26 31 45
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E~A, S, v!5O
i,j

N

@Siju~O
k

~Sik1Sjk!2Nth!vaiaj
core

1Siju~Nth2O
k

~Sik1Sjk!!vaiaj
surf# , (21)

where u (x) is the Heaviside theta function, which is 0 for
x , 0 and 1 otherwise.

As was done above, we can express the energy difference
between any decoy map Sm and the native map S0 as a
linear function of the energy parameters:

DEm5 O
c51

210

$vc
core@Nc

core~Sm!2Nc
core~S0!#

1vc
surf@Nc

surf~Sm!2Nc
surf~S0!#% , (22)

where Nc
core(S) and Nc

surf(S) denote the numbers of contacts
of type c for a given map S, which occur in the core and on
the surface, respectively.

With this modified energy function, the region of learn-
ability is remarkably enlarged. We found that the whole
set of proteins SET154 becomes learnable at Rc 5 12 Å.
The windows of learnability are also extended to 6.5 #
Rc # 17 in SET141, and 6.5 # Rc # 20 in SET123 (see Fig.
4). The effect on learnability is much stronger than what
we observed when the hydrophobic terms were added, see
the Effects of Hydrophobic Energy section.

We have analyzed the correlation between two sets of
210 parameters vc

core and vc
surf, for two values of Rc. For

both cases, the correlation is found to be very weak.
Further investigation of the obtained parameters would

be an interesting topic for future study. It is possible that
classifying the position of an interacting pair using only
the number of total contacts is not sufficient, because the
number of contacts is very sensitive to Rc and to the
internal structure of the protein. In some cases, a buried

pair may have a smaller value of the number of total
contacts due to the peculiar structure of the protein.
Moreover, different values of the threshold Nth may be
needed for residues of different sizes. Still, ambiguity may
exist for pairs in the intermediate region between core and
surface. The main point we demonstrated in this section is
that, by differentiating the pairwise interactions into two
classes, we get a wider region of learnability than before.

One has to remember though that when hydrophobicity
was added, the number of parameters in the energy
increased from 210 to 230 (or, at most, 240), whereas with
the present energy function we went from 210 to 420
possible parameters. Clearly, for more parameters, we
expect to be able to satisfy a larger number of inequalities
and, hence, expect to have a larger solvable region in the
(Rc, Mp) plane. To test the extent to which the improve-
ment in learnability was due just to the increased number
of parameters, we performed a “control experiment”: con-
sidered the two-tiered contact maps and associated energy
function of Equation (6).

Distance-Dependent Contact Energies

Several studies have pointed out the difficulties arising
from the all-or-none definition of a contact implicit in
Equation (1), in which even a slight change in interatomic
distances between two homologous structures may cause
different lists of contacts.51–53 The “true” underlying inter-
action term in the free energy may well be a continuous
function of the distance between the Ca atoms. The
simplest generalization in this direction is to identify two
kinds of contact, depending on the distance between the Ca

atoms, as given in Equations (4-5).
We generated, from the databank of known structures,

the two (distance dependent) contact maps (5), for native
structures and for their corresponding decoys (obtained by
threading). For each two-tiered map and sequence the
energy, as defined in Equation (6), can be evaluated. As
before, the energy difference between a native state and
the mth decoy can be written as a linear function of the 420
contact energy parameters:

DEm5 O
c51

210

$vc
~1!@Nc

~1!~S~1!,m!2Nc
~1!~S~1!,0!#

1vc
~2!@Nc

~2!~S~2!,m!2Nc
~2!~S~2!,0!#%, (23)

where Nc
(1)(S(1)) and Nc

(2)(S(2)) denote the numbers of
contacts of type c, each determined from its corresponding
distance-dependent contact map.

In principle, we should determine the region of learnabil-
ity in a three-dimensional parameter space, of (R1, R2,
Mp). However, in this study, we do not give a complete
phase diagram in the whole space. Rather, we investigated
the (R1, R2) plane for two values of Mp, namely, the sets
SET141 and SET154. We show in Figure 5 the points where
the set is learnable and those where we have proved that it
is unlearnable. Clearly, only R1 $ R2 is relevant.

On the dashed line R1 5 R2, we marked by solid
squares the points Rc 5 6.5 and 17 Å; these were the

Fig. 4. Region of learnability on the plane of the number of proteins
and the value of Rc with the hydrophobic energy function given in
Equation (22). The previous result with the simple pairwise energy
function is given by the dashed line.
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boundaries of learnability of SET141, by using the 420-
parameter pairwise energy function (21) studied above.
Another limit of interest is R1 3 `, which recovers the
original 210-parameter simple pairwise energy function
(3). Indeed, the learnable region of R2 converges to [11 Å,
12 Å] in this limit.31 Between these two limits, we found
that SET141 becomes learnable for the relatively wide
range 6 Å # R2 # 19 Å, provided R1 is not too large.

We have also analyzed the correlations between the
values of the 420 energy parameters that were obtained for
various values of R1 and R2. Each pair of points in the
learnable region of Figure 5, gives two sets of 420 parame-
ters (v(1), v(2)). For each pair, we have calculated three
types of correlation: between 210 v(1) parameters, 210 v(2)

parameters, and 420 total parameters. The results shows
an interesting behavior. For a fixed value of R1, the
correlation coefficients between v(1) are very high (. 0.88
for all cases), regardless of the value of R2, whereas the
coefficient between v(2) decreases rapidly as the difference
between R2 grows. Similar behavior is found when we fix
the value of R2 varying R1. The correlation coefficient
between 420 parameters shows monotonic decrease as the
distance between the two points grows. It naturally leads
to the following approximations:

vi
~1!~R1, R2!'f~R1, R2!vi~R1!1g~R2!,

vi
~2!~R1, R2!'f 9~R1, R2!v9i~R2!1g9~R1!.

By using the least-square method, we have fitted the
obtained parameters v(1) and v(2), and found that the
scalar function f (or f9) is not a simple function of R1 (or R2),
nor of uR1 2 R2u. Within a statistical error, g and g9 are
found to be negligible, O(1023).

Evidently, the distance-dependent extension of our en-
ergy function performs as well or even better on SET141 as
the core-surface interaction; by using both descriptions, we
were able to stabilize all proteins of this set for a nearly
similar range of definitions of contact, e.g., Rc (or R2)
ranging from 6 to 17–19 Å. We also tried to stabilize
SET154, which was learnable for the core-surface extension
(with Rc 5 12 Å). We used the distance-dependent contact
energies and found that SET154 is again learnable in a
rather wide range of R1 and R2; for 10 Å , R2 , 14 Å, the
region of learnability extends to R1 5 30 Å or more.
Corresponding region of learnability for SET154 is naively
demonstrated by shaded region in Figure 5.

DISCUSSION

The aim of this work was to understand which features
of protein are more relevant and must be considered in the
approximation of the energy function. We have investi-
gated two kinds of approximations for the free energy. The
first was to include an explicit hydrophobic term and the
second to describe the pairwise interaction between resi-
dues in a more detailed way than the simplest contact
interaction that we discussed in previous work.31 We have
shown how the modified approximations affect the learn-
ability and which of the representations of the energy
function is more suitable to satisfy our demand of stabiliz-
ing native contact maps.

In considering hydrophobicity, we found that the region
of learnability drawn on the (Rc, Mp) plane was only
slightly increased compared with the case without hydro-
phobicity. When the hydrophobicity is considered in a
different manner, we found a small but interesting effect
on learnability. In considering pairwise interactions, we
have observed equivalent effects when the definition of
contact is slightly modified without considering hydropho-
bic energy. This poses a question on the contact map
representation itself. Even a subtle modification of the
definition of contact (corresponding to the region where R1

and R2 differ slightly) gives rise to significant effects,
making the whole set of proteins learnable. Therefore, we
argue that the definition of the contact is, at least, as
important as the specific assignment of the energy func-
tion. However, one should be wary that, although supple-
menting the hydrophobic interaction required 20 addi-
tional parameters, in modifying the pairwise contact energy
function we introduced 210 new parameters. It is possible
that the number of proteins that can be stabilized by a
given form of the energy depends also on the number of
energy parameters involved. This possibility is supported
by our finding that with both the modifications of the
pairwise contact energy that we tried we were able to
stabilize all the proteins in database that we used. It is not
easy to clarify unambiguously such a matter. The difficulty
is that all the different forms of the energy that we
discussed are phenomenologic approximations to the free
energy of a certain sequence in the space of contact maps.
As a consequence, it is possible that for example the
hydrophobic interaction is already partially included in
the pairwise contact energy. Therefore, that the improve-

Fig. 5. The area between the two solid lines is the region of learnability
of SET141 on the (R1, R2) plane. Diamonds indicate that for a particular
value of (R1, R2) the set is learnable, whereas crosses represent
unlearnable cases. The dashed line R1 5 R2 is for guidance, representing
the case of a single-step potential. The two points marked by solid
squares on this line are the boundaries of the range of learnability for the
previously treated potential of Equation (21). The shaded area is an
approximate region of learnability for SET154.
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ment induced by explicitly including a hydrophobic term
was only marginal might be due both to the small number
of new energy parameters introduced and to a double-
counting of the same physical interactions. Although
double-counting is allowed within a phenomenologic ap-
proximation, it could not be expected to produce a signifi-
cant improvement of the performance of the energy func-
tion. However, it is outside the scope of the present work to
attempt to quantify the extent of the double-counting in a
particular form of the energy.

Although the whole set of proteins considered in this
work, has been found learnable with the distance-
dependent pairwise energy, from our previous results,31

we are inclined to think that there should be a maximal
number of proteins which can be stabilized together if one
increases the number of proteins beyond 154. To stabilize
larger numbers of proteins, we expect that one should go
further on in modifying the the energy function, as it was
already suggested by other authors.13,17,18,23,24,34,54 For
such purpose, this work constitutes a first step and a
guideline.

Other factors to be pointed out are the definition of
contact and the way of obtaining decoys. In this work, we
have used mainly the Ca definition. With other definitions
of contact, which demand more information, it is possible
to stabilize a larger number of proteins.31 However, one
cannot conclude from this that the Ca definition is worse
than others. To clarify whether the definition of contact is
more relevant than the modifications of energy, is beyond
the purpose of our work. Nonetheless, based on the results
presented here, we expect that the modification of the
pairwise potential could be more relevant than the consid-
eration of other forces. We have also used the method of
gapless threading, because it is a efficient way to obtain
decoys. However, our conclusion is not limited to thread-
ing, and the main results will hold for other ways of
generating decoys.
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